We analyze a basis-independent definition of quantum coherence. The maximally mixed state is used as the reference state, which allows for a way of defining coherence that is invariant under arbitrary unitary transformations. The basis-independent approach is applied to finding the distribution of the coherence within a multipartite system, where the contributions due to correlations between the subsystems and within each subsystem are isolated. The use of the square root of the Jensen-Shannon divergence allows for inequality relations to be derived between these quantities, giving a geometrical picture within the Hilbert space of the system. We describe the relationship between the basis-independent and the basis-dependent approaches, and argue that many advantages exist for the former method. The formalism is illustrated with several numerical examples which show that the states can be characterized in a simple and effective manner.
I. INTRODUCTION
Coherence has always been one of the central concepts in quantum mechanics distinguishing it from classical physics. In the field of quantum optics it was understood in the context of phase space distributions [1] and higher order correlation functions [2, 3] . Although these approaches gave a basic understanding of the nature of coherence, it was not quantified in a rigorous sense. In the seminal work of Baumgratz, Cramer, and Plenio [4] , this was achieved by defining central concepts such as incoherent states, maximally coherent states and incoherent operations. In a short time rapid developments have been made in the basic theory of quantum coherence [5] [6] [7] [8] [9] [10] [11] [12] and its applications [13] [14] [15] [16] [17] . On the application side the major focus has been on using quantum coherence for investigating quantum state merging [18] , in assisted subspace discrimination [19] and identifying quantum phase transitions [20] [21] [22] [23] [24] [25] in many body systems. Meanwhile, investigations into the basic theory of quantum coherence have mainly focused on introducing new measures of quantum coherence [4, [26] [27] [28] [29] [30] [31] [32] [33] [34] and understanding the distribution of quantum coherence in multipartite coherence [28, 35] .
Quantum resource theories investigate the limits of performance for quantum information tasks, and also give bounds to potential applications based on the resource. The resource theory of entanglement is well-developed and have found applications in a wide variety of quantum technological applications * tim.byrnes@nyu.edu [36] [37] [38] [39] . The development of the resource theory of quantum coherence is currently a very active field of research [40] [41] [42] [43] [44] [45] [46] . To develop this resource theory and relate them to the existing resource theories a critical understanding of the fundamental properties of quantum coherence is essential. Quantum coherence has several distinctive features that contrast it to other properties of quantum states such as entanglement. For instance, coherence can exist localized within an individual qubit and also as correlations between the qubits [28] . Furthermore, according to the original formulation of Ref. [4] , it is a basis-dependent property. Of these properties, the first is a fundamental nature of quantum coherence, while the second arises due to the definition of what an "incoherent state" should be.
Since the introduction of the quantum theory of coherence, the basis-dependent aspect of coherence has been a point of controversy and confusion. Other quantities characterizing quantum states (e.g. entanglement, discord, etc.) generally are basis-independent, and as such can be viewed as an objective property that the state possesses. A basis-dependent quantity brings a level of subjectivity to coherence, as it is only quantified relative to a particular convention chosen by the observer. To overcome this point, several methods such as optimizing over all possible bases [47, 48] and using the maximally mixed state as the incoherent state [30, [49] [50] [51] have been proposed. Currently there is no consensus as to which is the more appropriate method of measuring coherence, and when it is suitable to use basis-dependent and basis-independent methods. In order that the theory quantum coherence can be utilized in a useful way, it is an important question to clarify the dif-ference between the existing approaches.
In this paper, we analyze a basis-independent approach of measuring quantum coherence, extending the basis-dependent approach of Ref. [4] . The approach has a somewhat different interpretation to the quantity being measured, and more closely related to the purity of the system, rather than the superposition in a particular basis. We argue that this still quantifies coherence in that any state that is not the maximally mixed state has coherence in some basis. We also investigate alternative methods of breaking down the distribution of coherence in a multipartite system. In our previous work [28] , we decomposed the total coherence into two parts, the intrinsic and local coherence, based on separable states. Here we analyze another decomposition based on product states which finds the coherence due to correlations between subsystems, and those which are completely localized. These are called the collective and localized coherences respectively, and are shown to have several favorable properties when characterizing the coherence distribution. In this work, we discuses primarily a measure based on the square root of the Jensen-Shannon divergence, which has several mathematically favorable properties. This measure is the most appropriate in terms of decomposition of coherence, primarily because it satisfies a triangle inequality and is a metric, However, we expect that similar results can be obtained with other measures, as has been performed already in several works [28, 52, 53] . We have therefore kept the definition of the various decompositions in general form such that they be applied to different measures, and specifying the Jensen-Shannon divergence as our particular case.
The outline of this article is as follows. A brief introduction of the various statistical divergence measures is given in Sec. II, in particular we explain the Jensen-Shannon divergence. In Sec. III we introduce a basis-independent measure of quantum coherence and discuss its properties. The application of the basis-independent approach to finding the distribution of coherence in multipartite systems is discussed in Sec. IV, where the various contributions are identified and the geometrical connections are discussed. In Sec. V we illustrate our methods taking the example of the two-site transverse Ising model, the GHZ and W class of states. Finally, in Sec. VI we summarize and present our conclusions.
II. THE JENSEN-SHANNON DIVERGENCE
We give a brief review of the properties of the Jensen-Shannon divergence. While this is a wellknown quantity in classical probability theory, it has a relatively short history in the context of quantum information theory [54] [55] [56] . In this section will discuss its properties in classical and quantum context. This will serve to introduce our notation and summarize the relevant properties for applications to quantum coherence.
II.1. Classical properties
Comparing two probability distributions P = {p 1 , ..., p m } and Q = {q 1 , ..., q m } is a fundamental task that is relevant to many applications. One possible method is to use the normed distance between these distributions. For example the ℓ nnorm between these two distributions is defined as
where for n = 1 we have the ℓ 1 -norm and n = 2 is the well known Euclidean norm. Another option is to use a contrast function which compares the information in one distribution to another. This can be achieved through the use of relative entropy
which estimates the entropic difference between the two distributions. Each of these methods have advantages and disadvantages that make them more or less suitable depending upon the application. Both quantities are relatively simple to evaluate, but in quantum information contexts it is often desirable to have an entropic quantity such that there is a direct comparison of the information contained in two probability distributions. However, the relative entropy has two major disadvantages: it is asymmetric in the probability distributions and hence cannot be used as a distance in the statistical manifold. For a measure D to be called a distance over a space X, it should satisfy the following axioms:
. In addition if the function verifies the triangle inequality D(x, y) + D(y, z) ≥ D(x, z) then D is also a metric for the space X. If a measure obeys the positivity axiom as in (i) then it is generally referred to as a divergence. Since the relative entropy is not a distance the measured value quantifies the entropic deviation from Q to P and not the other way round. Further it requires that the set of non-zero probabilities in the set Q should be larger than or equal to the corresponding ones in the set P . This above problem is referred to as the support problem of the relative entropy [57] , where the term support refers to the set of non-trivial probabilities.
To overcome the disadvantages of the relative entropy, two different functions namely the J and S divergences were defined in Ref. [57] 
Although the J divergence in equation (3) is symmetric and satisfies the axioms of distance, it places a more severe restriction that the support of P and Q must be equal. Meanwhile, the Sdivergence in (4) is well-defined irrespective of the support of P and Q, but it is not symmetric and hence not a distance. Incorporating the core idea behind these two functions, one can introduce the Jensen-Shannon divergence (JSD) [57] as:
In terms of entropy, the above equation can be written as
Here S(P ) = − i p i log p i is the Shannon entropy of the system. The JSD satisfies the axioms of distance but it does not obey the triangle inequality. This means that it is a distance, but not a metric. The square root of JSD obeys the distance axioms as well as the triangle inequality and hence qualifies as a metric [58] .
II.2. Quantum properties
Similar comparisons can be made to quantum mechanical systems. The primary difference in the quantum case is that instead of probability distributions, we wish to compare two quantum states, written as density matrices ρ, σ ∈ B H + 1 . The quantum version of the relative entropy is defined as [59] S(ρ σ) = Tr (ρ log ρ − ρ log σ) .
The quantum relative entropy also has the disadvantages of being asymmetric and is well defined only when the support of σ is equal to or larger than that of ρ. Here the support is defined as the subspace spanned by the eigenvectors corresponding to the non-zero eigenvalues of an operator. Following the same procedure as in the classical scenario, we can overcome these problems by defining a quantum version of the Jensen-Shannon divergence (QJSD) [60] :
where S(ρ) = −Trρ log ρ is the von-Neumann entropy. The QJSD is symmetric and well-defined irrespective of the nature of the support of ρ and σ [54] and hence can be used as a measure of distinguishability between quantum states. Although the QJSD is a distance, it is itself does not satisfy the triangle inequality and hence is not a metric. On the other hand the square root of QJSD
is a distance measure and also obeys the triangle inequality for pure states. For mixed states it has been conjectured that the square root of QJSD obeys the triangle inequality and has been verified numerically [61] . Hence B(H + 1 ), √ J is a metric space which can be isometrically embedded in a real Hilbert space.
In this paper, we will henceforth use the QJSD as our distance measure, due to the favorable properties it possesses as described above. Although we mainly have the QJSD in mind when defining various coherence quantities, we have included the more general expressions in terms of D where appropriate such that they can also be applied to other distance measures. It is important to note that different measures have different ordering of quantum states in the Hilbert space [62] [63] [64] . While the same relationships do not always hold for all measures, in particular the triangle inequality, analogous properties are likely to be present for most measures.
III. BASIS-INDEPENDENT MEASURE OF QUANTUM COHERENCE
We now turn to applying the distance measures of the previous section to quantifying quantum coherence. In the original formulation of Ref. [4] , coherence is inherently a basis dependent quantity. While several measures have been used to quantify coherence ranging from relative entropy to ℓ 1 -norm, we have previously proposed the use of the square root of the QJSD [24, 25, 28, 35] . For a given quantum state ρ, the coherence is defined as
= min
where
is the set of all incoherent states. In the second line we have written the explicit expression for the case (10) of using QSJD as the measure. The minimization is performed such that σ is the closest incoherent state (diagonal state) in a particular basis b. Since the set of incoherent states is dependent upon a particular choice of basis b, the coherence is a basis dependent quantity. Our notation throughout this paper will be that if a coherence C has the label (b) it is a basis-dependent quantity, and otherwise it is basis-independent. We note that the basis dependence does not arise from the use of QJSD or any choice of distance measure. It arises due to the minimization over a particular set of incoherent states.
To overcome the basis dependence of quantum coherence, one alternative that has been suggested has been to use the maximally mixed state [30, [49] [50] [51] as the reference state
where I is the identity matrix in a d dimensional Hilbert space. It is well known that the state ρ I is a basis invariant state, i.e. it maintains the same form in any given basis. Furthermore, it is unique in the sense that it is the only state where a unitary transformation maintains a diagonal structure with zero off-diagonal elements. In this case, I (b) only contains the state (13) and a basis-independent measure of quantum coherence is therefore given by
This is equivalent to I (b) only containing one element of ρ I , such that the minimization does not need to be performed.
The coherence measure (15) has the important property that it is invariant under a general unitary transformation. Consider performing an arbitrary unitary transformation of the state ρ → U † ρU . The coherence after the transformation is
which takes the same value before the basis transformation, since the entropy is only dependent on the eigenvalues of the density matrix. This property ensures that the coherence is an absolute and not a relative quantity. The basis-dependent definition is a relative property because it is dependent upon a particular choice of basis. For simple classes of states it is possible to have a closed expression for the coherence. For the Werner states
where 0 ≤ µ ≤ 1 is the mixing parameter, the coherence can be evaluated to be
In the limit of pure states µ = 1, this takes the value
What is the relationship between the basisdependent definition of coherence as in (12) and the basis-independent definition (15)? In the original work of Ref. [4] , the concept of coherence was closely related to the superposition principle. This is clearly a basis-dependent concept as an arbitrary density matrix can always be diagonalized, giving zero off-diagonal elements and hence zero coherence. Thus in the approach of Ref. [4] , the coherence is a measure of quantum superposition, which gives rise to a basis-dependent quantity. Meanwhile, in a definition of coherence such as (15),
Comparison of the basis-dependent and basisindependent measures of coherence for a single qubit. For the basis-dependent coherence, the set of incoherent states lie on the z-axis, and the coherence is defined as the minimal distance to this line. For the basis-independent coherence, the reference state is the maximally mixed state ρI = I/2.
the reference is a maximally mixed state ρ I . In this case, the measure is more related to the purity of the system. Purity is a concept which is also closely related to coherence in the following sense. Given any state that is not the completely mixed state ρ I , one can always find a basis where there is a superposition of states, which contains off-diagonal elements to the density matrix. On the other hand, ρ I cannot be put in a superposition state regardless of the basis chosen. The above relationship can be neatly illustrated for a single qubit using the Bloch sphere representation (see Fig. 1 ). In the basis-dependent definition of coherence, the coherence is measured from the quantum state to the nearest point on a line passing through the center of the Bloch sphere. In the case of coherence measured in the z-basis, this correspond to the distance from the state to the zaxis. Meanwhile, in the basis-independent definition, the coherence is defined to be the distance to the center of the Bloch sphere. In the case of a multipartitite system, the basis-dependent approach measures the distance in a d 2 −1 dimensional space to the closest incoherent state in the hyperplane of dimension d − 1. In the basis-independent approach the distance is measured from the original state to a unique maximally mixed state ρ I within the d 2 − 1 dimensional space.
IV. DISTRIBUTION OF COHERENCE IN
A MULTIPARTITE SYSTEM IV.1. Basis-independent intrinsic and local coherence
The quantum coherence as defined in (12) and (15) measures the total coherence in the system. In Ref. [28] , we showed that the coherence can be distributed in various ways in a multipartite system. The quantum coherence may exist due to the collective participation of several subsystems, or can be attributed to coherence located within the subsystems. The former type of coherence is called the intrinsic coherence and defined as
where the minimization is performed over all separable states
where σ i is a density matrix on the ith subsystem, and N is the total number of subsystems. This type of coherence measures the quantum coherence which arises due to the non-local quantum correlations, and is formally equivalent to the entanglement in the system. The terminology of "intrinsic" coherence arises because it is a coherence which cannot be removed by a local basis transformation. This can be viewed as the contribution of the entanglement to the coherence. The remaining part of the coherence is called the local coherence and is defined as
where σ min S is the minimal value from the optimization of (20) , and ρ
d is the same matrix as ρ with all off-diagonal elements set to zero:
and the states |b n are a set of orthonormal states. Since the state ρ d depends upon the chosen basis specified by the states |b n , the local coherence is a basis dependent quantity. The intuition of calling (22) the "local" coherence is that it is the coherence contained with the separable state (21) . The coherence arises due to the local contributions within the separable state. Another way to view this is that the entanglement gives a non-local contribution to the coherence, while the remaining is the local coherence.
In a basis-independent definition of coherence, instead of using ρ
as the reference state, the completely mixed state ρ I is used. The intrinsic coherence C I is unchanged since it does not involve ρ (b) d , but the basis-independent local coherence is written
The intrinsic coherence is invariant under local unitary transformations
and U i is a unitary transformation on the ith subsystem. This can be shown to be true in the usual way that entanglement is invariant under local transformation. The local coherence is similarly invariant under local transformations
since it is implicitly dependent upon the minimized state σ min S . These relations are more restrictive than the total coherence because it involves the intermediate state σ min S . This is because a general unitary transformation that is considered in (16) does not preserve the structure of the subsystems, as we are interested in doing by decomposing the coherence into its two parts.
We may relate the basis-independent intrinsic and local coherence to the total coherence (15) in a similar way to that argued in Ref. [28] for the basis-dependent case. Due to the metric property of QJSD and the triangle inequality, we have the relation
This relation will allow us to characterize the contributions to coherence in a multipartite system.
IV.2. Alternative decompositions of coherence
The above decomposition is not the only possibility for identifying the contributions to coherence in a multipartite system. The definition (20) 
Using this as the intermediate state, we define the collective coherence to be
where I P is the set of all product states of the form (29) . For the QSJD, we show in the Appendix that the closest product state is
where ρ i is the reduced density matrix for the ith subsystem. Hence the collective coherence is in our case
Since the minimization can be evaluated explicitly, this makes (32) a much more efficient decomposition from a practical point of view since finding the closest separable state (20) is typically a highly numerically intensive procedure. The state (29) differs from (21) in that all correlations between the subsystems are completely broken. As discussed in Ref. [65] , the distance from a quantum state to the product state is equal to the total mutual information between the systems, including both quantum and classical correlations between the two subsystems. We thus define the localized coherence of the system as the QJSD distance from the product state π(ρ) to the maximally mixed state ρ I
By measuring the distance between the product and the maximally incoherent state, this corresponds to finding only the part of coherence which is localized within the qubits. The collective and localized coherence obey the same invariance properties as the coherences of the previous section under local unitary transformations. As before are the closest incoherent state and the closest separable state found using the coherence estimation method in Ref. [28] and π(ρ) is the product state of the density matrix ρ.
which follows from the fact that the form of the product states (29) are preserved under such local transformations. Similarly to (28) the these coherences can be decomposed as
Furthermore, we can deduce that
from the fact that the product state (29) is a special instance of the more general class of separable states (21) . We can understand (36) from the fact that the collective coherence C c contains contributions from all correlations (quantum and classical), where as C I only contains contributions from entanglement, a more specialized type of correlation. It may appear strange that "classical correlations" should contribute to the collective coherence, or to any kind of coherence at all. The issue here is mainly due to nomenclature of what is deemed to be classical or quantum. In the context of correlations, a state such as
is considered "classical" since it can be written perfectly using a classical probability distribution. In the context of coherence, there are bases where such a state contains coherence, for instance in the |± basis, the same state is written 
This state contains off-diagonal components and therefore possesses coherence. For the basisdependent approach, a state such as (37) may or may not be considered to possess coherence depending on the chosen basis. On the other hand, in the basis-independent approach, the state (37) always has coherence because it is distinct to the maximally mixed state ρ I .
We have introduced several ways of defining the coherence using a basis-dependent and basisindependent reference state, and also two options for decomposing the coherence. To understand the connection between these quantities, we can use a geometrical view to contrast the relationship between them. In Fig. 2 we represent the Hilbert space of an arbitrary quantum system showing the set of all separable states S, the set of incoherent states I (b) , and the maximally mixed state ρ I = I/d. The maximally mixed state lies on the line of incoherent states as it is always contained in I (b) , regardless of the basis chosen. Different basis b will correspond to different hyperplanes (represented by a line in Fig. 2 ) throughout the Hilbert space. The lines connecting the density matrices depict the coherences in the system. We see that the two decompositions (28) and (35) can be visualized as two triangles sharing one corner. The total coherence in the case of the basis-dependent approach is the closest state in the set I (b) . Meanwhile the total coherence in the basis-independent case is the line to the point ρ I = I/d. Each of these two can be decomposed into two contributions according to the triangle inequality depending upon whether the separable state σ S is used or the product state π. The relation (36) follows from the fact that a product state is particular form of a separable state, and will generally have a larger value.
We note that other possibilities of intermediate states also can be chosen. For instance, to restrict the correlations to purely quantum correlations one may also define coherences based on a quantum discord, where the intermediate state is the closest state to the form
where the states |k i are orthogonal states (in an arbitrary local basis). While we do not explicitly define coherences based on this intermediate state, similar properties to what we have shown above follow, and give different contributions to the coherences.
IV.3. Coherence due to basis choice
From Fig. 2 we can see that the basis-dependent coherence and the basis-independent coherence can be connected through a new line joining the points ρ d and the maximally mixed state I d /d. This quantity can be interpreted as the additional contribution to the coherence in the basis-independent approach as compared to the basis-dependent coherence:
Here ρ d is the closest incoherent state which is obtained during the optimization of (12). Here we find that the three forms of coherences given through equations (12), (15) and (40) are geometrically interrelated and obey the triangle inequality
Using the basis-dependent version of the inequality (35), we can also relate the basis-independent coherence to the basis-dependent quantities:
From Fig. 2 we can see that (42) describes a quadrilateral inequality defined by the points ρ, σ We now show some examples of the basisindependent coherence and its decomposition in multipartite systems. One of the fundamental properties of coherence that was discussed in Ref. [28] was the trade-off in coherence between the local and non-local (i.e. intrinsic) coherences. Our first example examines the two site transverse Ising model using the collective and localized coherence as defined in (32) and (33) . The Hamiltonian is
which can be diagonalized to give the ground state
where N is a suitable normalization factor. The ground state has the limiting behavior
where |+ = (|0 + |1 )/ √ 2. Figure 3(a) shows the collective and localized coherence calculated using (32) and (33), with the product state taken as being the tensor product of the reduced density matrices for the state (44) . We see a similar trade-off of the coherence as was observed in Ref. [28] . This can be easily understood since the only contribution of the coherence in a Bell state (ξ → π/2) is due to the collective nature of the entanglement. Meanwhile, in the other limit the completely separable | + + state has all the coherence localized in the two qubits.
One difference to the previously obtained result using the basis-dependent coherence ( Fig. 2(a) of Ref. [28] ) is that the total coherence was different in the two limits, whereas in Fig. 3(a) the total coherence is a constant for all ξ. The reason for this is that as discussed in (41) there is an additional contribution δC (b) to the basis-independent coherence due to the different definition of the incoherent state. Furthermore, the fact that the total coherence is a constant is guaranteed for the state (44) since it is a pure state for any value of ξ. Our numerically calculated value agrees with the formula (19) 
We find that the basis-independent procedure tends to be a more robust procedure for performing the coherence decomposition. This occurs in situations where there is no unique solution to the minimization procedure in (20) . For instance, for the Bell states, the closest separable state is not unique due to the property that one can write
where |θ = cos θ|0 + sin |1 and |θ = sin θ|0 − cos |1 . The closest separable state in this case is
which can take any value of θ. Thus depending upon the particular σ min S that is found, one may obtain different values of the local coherence in the basis-dependent procedure, in a similar way to (38) . However, in the basis-independent approach, thanks to the properties (34) if the solutions are related by a local unitary transformation then the obtained coherence is identical. This is an advantage of the basis-independent approach from a practical point of view of application of the theory. 
V.2. Tripartite systems
We now turn to investigating the basisindependent quantum coherence for tripartite systems. Based on how they are entangled, a three qubit system can be classified into two different classes: the GHZ and W class of states. These two different classes of states cannot be connected to each other via local operations and classical communications (LOCC) [66] . To have a complete understanding of the distribution of quantum coherence we will study these two classes of states.
The generalized GHZ state is defined as |GHZ = cos θ|000 + sin θ|111 ; θ ∈ (0, 2π], (48) from which we evaluate the total, collective, and local coherence. Our results are shown in Fig.  3(b) . We again find that the total coherence is invariant of θ for the same reasons as discussed in the context of Eq. (19) . The local and global coherence exhibit an oscillatory trade-off behavior, as observed for the two qubit example. The collective coherence is a maximum where the localized coherence is a minimum, and vice versa. This again has the simple interpretation that the coherence contributions change depending on the parameter θ, which controls the degree of correlations between the qubits. We also verify that the sum of the collective and localized coherence is always greater than total coherence, obeying the triangle inequality (35) as expected. As with the two qubit example in Fig. 3(a) , if one were to use the basis-dependent measure, the total coherence would not be constant with θ. The extra contribution to the coherence δC (b) due to the basisindependent measure is shown also in Fig. 3(b) . We verify the triangle inequality (41) for the generalized GHZ states.
To consider mixed states, we consider states of the Werner type (17) where the state |ψ = |GHZ with θ = π/3. The effect of mixing is illustrated in Fig. 3(c) . We observe that the total, collective, and localized coherences are all monotonically dependent on the mixing parameter, as the state approaches the maximally incoherent state which by definition has zero coherence. We verify that the triangle inequalities (35) and (41) are obeyed for all values of the mixing parameter. All these show the expected behavior for a basis-independent coherence measure and its decompositions.
Similar results are obtained for the W class of states. We define the generalized W state as |W = sin θ sin φ|001 + sin θ cos φ|010 + cos θ|100 ,
where θ ∈ (0, π] and φ ∈ (0, 2π]. The total coherence is found to give a constant C ≈ 0.847 for all parameters and is consistent with (19) . We show the collective and localized coherence for the pure state case in Fig. 4(a)(b) . We again see a trade-off behavior where the localized coherence is a maximum when the collective coherence is a minimum and vice versa. For mixed states, we use again a Werner form (17) where |ψ = |W . Similar to the GHZ state, we observe that all coherences depend monotonically with the mixing parameter as expected. Triangle inequalities for the collective and localized coherences, as well as the difference in the total coherence due to basis-independent and basis-dependent measures were verified and shown to be true for all parameters.
VI. SUMMARY AND CONCLUSIONS
In this paper, we analyzed quantum coherence in a basis-independent manner, by using the maximally mixed state as the reference incoherent state. This is in contrast to the earlier studies where coherence was studied as a property with reference to a particular chosen basis b. This is an attractive formulation for quantifying coherence as it gives an objective property to a quantum state, and gives desirable characteristics such as invariance under basis transformations. This approach to quantifying coherence is closely related to the purity of the system, whereas the original basis-dependent approach is quantifying the superposition with respect to a particular basis. Apart from conceptual advantages of giving an objective quantification of a state independent of the observer's choice, it also gives simpler and more robust procedure that is free of optimization. The approach naturally can be applied to coherence decomposition techniques, where the distribution of the coherence in a multipartite system can be found. We introduced an alternative decomposition where the coherence is split into the collective and localized contributions. As this method only requires calculation of the product state of the system, it is a simple yet effective way of performing the coherence decomposition. The decomposed coherences obey invariance properties under local unitary transformations. We verified that there is a coherence trade-off between these quantities in a variety of systems. These trade-off relations are captured thanks to the triangle inequality which is a very fundamental property of the square root of the Jensen-Shannon divergence. For other coherence measures, we expect that similar relations hold, although the inequality relations derived in this paper should only be strictly true for the measure that we have chosen here.
The use of local and collective strategies has been carried out in quantum metrology [67] [68] [69] [70] to gain interferometric advantages. Further it has been shown that in quantum computation protocols, collective coherence provides the necessary resource for an exponential computational speedup compared to classical algorithms [71] [72] [73] [74] . Although these factors show the resource theoretic value of quantum coherence, a simple and effective basis-independent computation of the local and collective coherences is highly valuable to have a estimate of the available resource. This may be one of the practical applications of our formalism.
Rearranging this inequality and combining this with (A3) gives − J (α, π ρ ) ≥ J (ρ, π ρ ) − J (ρ, α) ≥ 0.
(A5)
The quantity − J (α, π ρ ) is a negative quantity with equality only when α = π ρ . Therefore, for all states ρ we find min π∈IP J (ρ, π) = J (ρ, π ρ ).
(A6)
Thus we prove that for the Jensen-Shannon divergence, the closest product state is the one composed of the single qubit reduced density matrices.
